We start from the energy density of the Skyrme interaction and perform a leptodermous expansion for an asymmetric semiinfinite nuclear system. We get a liquid drop model formula for the energy of such a system. We use the obtained analytic formulae for volume, surface, and curvature energies to study the properties of asymmetric nuclear systems. We also study the effect of the asymmetry parameter on the volume, surface, and curvature properties.
Introduction
Understanding the properties of hot asymmetric nuclear matter has an important impact on the study of nuclear structure close to drip lines [1] , of astrophysical processes [2] , and of heavy ion reaction mechanisms [3] . Being a quantal system, the atomic nucleus is best described by the shell model or one of its self-consistent versions, such as Hartree-Fock or random phase approximations. However, a fairly good description of the nucleus can be obtained with a semiclassical approach such as the droplet model [4] [5] [6] [7] or the extended Thomas-Fermi model [8, 9] , which includes the correlations given by the Pauli principle but ignores quantal oscillations. It was shown that the extended Thomas-Fermi model numerically yields the same results as the microscopical Hartree-Fock approach [10] [11] [12] for temperatures larger than 3 MeV, where the shell effects disappear. In the limit of very large spherical nuclei, the density profile across the surface becomes that of semiinfinite nuclear matter. This is a one-dimensional geometry with the density varying along one axis and extending to infinity in the two other directions. Assuming the nuclear density to be flat in the interior and to vary only in a relatively narrow surface region (a leptodermous system), the total energy of a spherical nucleus is expanded into volume, surface, curvature, and higher order contributions [4] [5] [6] [7] . Leptodermous expansion of the nuclear energy has proved enormously useful in calculating fission barriers, ground-state masses and deformations, and other nuclear properties [8] . Within a context related to the liquid drop model (LDM) and the leptodermous expansion of a finite nucleus, the surface and curvature energy coefficients can be extracted from semiinfinite nuclear matter [13] [14] [15] . This schematic geometry avoids undesired shell, Coulomb, and finite-size effects, which makes it very appropriate to study surface properties.
In the present work, we used Skyrme parameterizations for the energy density (in the framework of the extended Thomas-Fermi model) and got a LDM formula for the total energy of asymmetric semiinfinite nuclear * Correspondence: mabdallah@sci.cu.edu.eg matter (ASINM). The surface and curvature energies have analytical formulae. Such formulae are needed in calculations of supernovae formation [2, 16] and the fragmentation of hot compound nuclei [17, 18] . We used these formulae to study surface and curvature properties of ASINM. In Section 2, we present our model calculations for the LDM expansion of ASINM systems. In Section 3, we present our results and discussion. We presented a summary and conclusions in Section 4.
Model calculations
The total energy of a nucleus is:
where H(r) is the Hamiltonian density, which contains a nuclear part and a Coulomb part. Here we neglect the Coulomb part. For the nuclear part, we shall use the energy density obtained with Skyrme-type forces. For even-even nuclei (neglecting the spin-orbit term), the Skyrme energy density takes the following explicit form [8] :
H(r) = 
where ρ (ρ = ρ n + ρ p ) is the local density, τ (τ = τ n + τ p ) is the kinetic energy density, and t 0 , t 1 , t 2 , t 3 , x 0 , x 1 , x 2 , x 3 , and α are the interaction parameters.
For the kinetic energy density, we used the extended Thomas-Fermi model (see references [8, 9] for details):
where τ 0q is the standard Thomas-Fermi kinetic energy density and q refers to a neutron or a proton. It is given by:
τ 2q (ρ) is the second-order correction and is given by:
is the fourth-order correction and is given by:
The relation that relates the function f q to effective mass is:
This gives:
In the asymptotic limit of a very heavy nucleus the surface diffusion of the local density is much smaller than the radius R at which the surface is located. In this case, we can approximate the finite nucleus by the so-called semiinfinite nuclear matter (SINM). In order to determine the energy of SINM, we assume the density profile to be a Fermi distribution with a power. This choice has been found to give a very good approximation to the exact solution of the Euler-Lagrange variational equations [9, 19] . The neutron and proton density profiles for SINM take the following form:
where ρ 0q is the nucleon density deep inside the system, R q is the half-value radius, d is the diffuseness parameter, and ν is a power.
For simplicity we neglect the neutron skin, i.e. R n = R p = R. The zero neutron-skin assumption is applicable for SINM and for ordinary even-even nuclei. Using the Fermi distribution for the density profile, the energy equation reduces to integrations of the following form:
Srivastava [20] found a formula for the integration
r)dr and the result is:
where the coefficients A n (s) are given by:
The integrations
s p (r)dr were derived by Abd-Alla et a1. [14] in the following form:
q (r)dr were derived by Abd-Alla [21] in the following form:
The coefficients B n (s) are given in reference [21] (see reference [21] for details).
The normalization condition
is inverted to write the radius R in terms of the mass number A and we get:
Applying these simplifications, we get the leptodermous expansion for the energy (the LDM formula) of the system in the following form:
E v (ρ , X) is the volume energy, E s (ρ , X) is the surface energy, and E c (ρ , X) is the curvature energy. X is the asymmetry parameter defined by:
In the present work, we expand the total energy in X up to X 2 . Recent theoretical studies [22, 23] showed that X 4 and X 6 expansion had a negligible effect on the energy of the system. This is suitable and expected for studying heavy nuclei near the stability line.
The volume energy in X 2 approximation is:
where E v0 is the bulk volume energy and E vx is the symmetry volume energy.
The bulk volume energy E v0 is given by:
The symmetry volume energy E vx is given by:
The surface energy is:
where E s0 is the bulk surface energy and E sx is the symmetry surface energy.
The bulk surface energy E s0 and the symmetry surface energy E sx have long analytical formulae and they are given in the Appendix. The curvature energy is given by:
where E c0 is the bulk curvature energy and E cx is the curvature symmetry energy.
The bulk curvature energy E c0 and the symmetry curvature energy E cx have long analytical formulae and they are given in the Appendix.
The pressure (P), incompressibility (K), energy slope parameters (L), and skewness parameter (Q) are defined by:
Using the analytical equations for the volume, surface, and curvature terms, we got the LDM expansion for these quantities.
For the total pressure P of the system, we got:
P v0 (P s0 , P c0 ) is the bulk volume (bulk surface, bulk curvature) pressure and P vx (P sx , P cx ) is the symmetry volume (symmetry surface, symmetry curvature) pressure.
For the incompressibility K of the system, we got: For the skewness parameter Q, we got:
Q v0 (Q s0 , Q c0 ) is the bulk volume (bulk surface, bulk curvature) term and Q vx (Q sx , Q cx ) is the symmetry volume (symmetry surface, symmetry curvature) term.
Results and discussion
In this section, we present our results for the volume, surface, and curvature properties in separate subsections and then discuss the properties of ASINM systems. We apply our calculations to the famous and more recent Skyrme parameterizations (there are about 240 parameterizations on the market [24, 25] ) and pay attention to the KDE0v1, LNS, NRAPR, SKRA, and SQMC700 parameterizations, which passed the macroscopic and microscopic constraints proposed by Dutra et al. [24] . We pay special attention to the LNS parameterization as it has average behavior (in our results) for most Skyrme parameterizations. For the density parameters (d, ν), we found that the surface energy has a minimum value with respect to the variations in these parameters. Table 1 shows the density parameters at the minimum surface energy for different Skyrme parameterizations.
We noticed that a value of d = 0.552 fm and ν = 1.24 is suitable for all Skyrme parameterizations, which has a slight difference in the calculated surface (E s0 ± 1 MeV) and curvature (E c0 ± 0.5 MeV) energies 3.1. Volume properties 3.1.1. Volume energy Figure 1 shows the behavior of the bulk volume energy with the relative density (ρ / ρ 0 ) for some Skyrme parameterizations. We found that all Skyrme parameterizations we considered have the same behavior with a slightly different value for the bulk volume energy. Figure 2 shows the behavior of the symmetry volume energy with the relative density. We notice that for densities (ρ < ρ 0 ) all Skyrme parameterizations have the same linear increasing behavior with the relative density. The volume symmetry energy will saturate at densities (ρ ≈ 3 ρ 0 ) for most Skyrme parameterizations. Some Skyrme parameterizations (such as SKT9) saturate at (ρ ≈ 1.7 ρ 0 ) and some do not show any saturation (such as SKxs25). This behavior reflects the constraint put on Skyrme parameterizations through the value of the symmetry volume energy slope (L vx ) at saturation [24] . The value of L vx as determined from double differences of symmetry energies was estimated from experimental nuclear masses [26] to be 58.91 ± 1.08 MeV. A recent effort aided by microscopic calculations on the ∆ r np of heavy nuclei [27] [28] [29] gave L vx = 59 ± 13 MeV. More recent experimental data on the values of ∆ r np in 48 Ca, 132 Sn, and 208 Pb nuclei [30] gave L vx = 55.63 ± 7. Our result of calculations of L vx for SKT9 is L vx = 33.75 MeV, which is too small, and for SKxs25 it is L vx = 98.8 MeV, which is too large. The effect of the asymmetry parameter X on the volume energy is to increase its value and slightly increase the saturation density. Figure 3 shows this behavior for LNS Skyrme parameterization. We found typical behavior for the other Skyrme parameterizations.
Volume pressure
The bulk volume pressure has the same behavior with the relative density as the bulk volume energy as shown in Figure 4 . We noticed that all Skyrme parameterizations have a minimum bulk volume pressure at ρ ≈ 0.65 ρ 0 . The symmetry volume pressure (as shown in Figure 5 ) reflects the same behavior of the symmetry volume energy with the relative density discussed before. All Skyrme parameterizations reveal saturation at densities 1.5 ρ 0 < ρ < 2.5 ρ 0 except for SKT9 parameterization, which saturates at ρ ≈ 1.2 ρ 0 , and SKxs25, which increases linearly with density. The constraint on L vx shows the odd behavior of P vx for SKT9 and SKxs25 parameterizations. Figure 6 shows the effect of the asymmetry parameter on the volume pressure for LNS parameterization. The effect of the asymmetry parameter X on the volume pressure is to increase its value and slightly increase the saturation density. We found typical behavior for the other Skyrme parameterizations. Figure 7 shows the rapidly increasing behavior of the bulk volume incompressibility with the relative density.
Volume incompressibility
We also noticed that all Skyrme parameterizations have the same value of bulk volume incompressibility at low densities (ρ < 0.65 ρ 0 ) . For densities 0.65 ρ 0 > ρ ≈ ρ 0 the values of the bulk volume incompressibility for Skyrme parameterizations are closer and for densities ρ > ρ 0 these values become more and more different with increasing densities. Figure 8 shows the behavior of symmetry volume incompressibility with relative density. The SKT9 parameterization shows a rapidly decreasing behavior for the symmetry volume incompressibility with density, while SKxs25 shows a slow decreasing behavior. Again, the constraint on L vx shows the odd behavior of K vx for SKT9 and SKxs25 parameterizations. The main properties of infinite nuclear matter (volume properties) at saturation (ρ = ρ 0 ) are shown in Table 2 for some Skyrme potentials. The parameter L was defined in the droplet model [4] [5] [6] [7] as the slope of the symmetry volume energy at saturation. This is the definition of L vx in our model calculations. The skewness parameter (Q v0 ) defined for the bulk volume term has the same definition as the droplet model parameter (Q). Here we have a new skewness parameter (Q vx ) that corresponds to the symmetry volume term. Figure 9 shows the behavior of the bulk surface energy with relative density. We note that the surface energy increases with density and reaches its maximum value at a relative density ρ ≈ 0.75 ρ 0 and then decreases to reach its zero value at ρ ≈ 1.65 ρ 0 . We correlate this behavior to the bulk volume pressure as follows: the bulk volume pressure decreases with density, reaches its minimum value at a relative density ρ ≈ 0.75 ρ 0 , and then increases slowly up to ρ ≈ 1.65 ρ 0 , above which it increases very rapidly. The maximum surface energy occurs at the minimum bulk volume pressure but not at the zero bulk volume pressure, which occurs at ρ = ρ 0 . Figure 10 shows the symmetry surface energy as a function of the relative density. We notice that the symmetry surface energy at saturation is negative for some Skyrme parameterizations and is positive for others, and its value is not convergent for most Skyrme parameterizations. This may be due to the process of fitting the parameters of Skyrme forces, which did not take into account a property that is in direct relation with the symmetry surface energy of finite nuclei. Some calculations [31] deduced the symmetry surface energy by calculating the total symmetry energy of finite nuclei numerically and then subtracting the well-known value of the symmetry volume energy. Their resulting value for the symmetry surface energy, using some Skyrme parameterizations, is (-33 MeV ≤ E sx ≤ -77 MeV). Other calculations based on fitting atomic masses in a LDM formula [32] gave a value for the symmetry surface energy of (28 MeV ≤ E sx ≤ 45 MeV). These values, together with our divergent values, for the symmetry surface energy reflects the need of refitting the parameters of Skyrme interaction and taking into account a property that is in direct relation with the symmetry surface energy of finite nuclei. In Ref. [31] the authors extracted the macroscopic LDM parameters by using a large sample of finite spherical nuclei, including huge systems having 10 5 -10 6 nucleons, based on the self-consistent Skyrme-Hartree-Fock and relativistic mean field approach. They extracted the macroscopic information from the large-scale trends by subtracting fluctuating shell corrections and the Coulomb force was switched off to allow computation of very large nuclei. The methods used by the authors of references [31] and [32] are based on numerical fitting techniques, while our method is based on deriving analytical formulae for the LDM coefficients. The effect of the asymmetry parameter X on the surface energy is to increase its value and slightly increase the saturation density. Figure 11 shows this behavior for LNS Skyrme parameterization. We found a typical behavior for the other Skyrme parameterizations. 
Surface properties

Surface energy
Surface pressure
The bulk surface pressure is shown in Figure 12 . We note that the bulk surface pressure is zero for densities ρ ≤ 0.65 ρ 0 and then monotonically decreases to high negative values (except for the NRAPR parameterization, which has an inflection point at ρ ≈ 1.8 ρ 0 ). This behavior may be correlated to the bulk volume pressure, which has small negative values for densities ρ ≤ 0.65 ρ 0 and then monotonically increases to high positive values. The symmetry surface pressure is shown in Figure 13 . The behavior of the symmetry surface pressure is divergent for different Skyrme parameterizations and reflects the divergent behavior of the symmetry surface energy. The effect of the asymmetry parameter X on the surface energy is to increase its value and slightly increase the saturation density. Figure 14 shows this behavior for LNS Skyrme parameterization. We found typical behavior for the other Skyrme parameterizations. The effect of asymmetry parameter X on the surface pressure is negligible, as seen in Figure 14 . Figure 15 shows the bulk surface incompressibility for some Skyrme parameterizations. The bulk surface incompressibility decreases with density to high negative values (except for the NRAPR parameterization, which has an inflection point at ρ ≈ 2 ρ 0 ). Figure 16 shows the symmetry surface incompressibility. We noticed that SKxs25 is nearly independent of density, SKT9 is highly decreasing, and NRAPR again has an inflection point at ρ ≈ 1.8 ρ 0 . Figure 17 shows the effect of asymmetry parameter X on the surface energy. The main surface properties are presented in Table 3 . Figure 18 shows the behavior of the bulk curvature energy with the relative density for some Skyrme parameterizations. We note that the bulk curvature energy increases with density, reaches its maximum value (E c0 ≈ 15 MeV) at a relative density ρ ≈ 0.25 ρ 0 , and then decreases to reach its zero value at ρ ≈ 2 ρ 0 . Figure  19 shows the symmetry curvature energy for some Skyrme parameterizations. We note that the symmetry curvature energy increases with density, reaches its maximum value (E cx ≈ 15 MeV) at a relative density ρ ≈ 0.2 ρ 0 , and then decreases to reach its zero value at ρ ≈ 0.65 ρ 0 . Figure 20 shows the dependence of the curvature energy on the asymmetry parameter X for LNS parameterization. We note that for densities ρ ≤ ρ 0 the curvature energy is almost independent of the asymmetry parameter. Figure 21 shows the bulk curvature pressure for some Skyrme parameterizations. It decreases monotonically with density, reaches its zero value at ρ ≈ ρ 0 , and then becomes negative. Figure 22 shows the symmetry curvature pressure that always gets negative values. Figure 23 shows the bulk curvature incompressibility for some Skyrme parameterizations. Figure 24 shows the symmetry curvature incompressibility for some Skyrme parameterizations. Figure 25 shows the effect of the asymmetry parameter X on the curvature incompressibility for LNS parameterization. The curvature incompressibility is almost independent of the symmetry parameter. Table 4 shows the main curvature properties at saturation. 
Surface incompressibility
Curvature properties
Curvature energy
Curvature pressure
Curvature incompressibility
Semiinfinite nuclear matter properties
We studied the effect of asymmetry parameter X on the main properties of the semiinfinite nuclear matter system (uncharged spherical nucleus with mass number A). Figure 26 shows the effect of the asymmetry parameter X on the total energy per nucleon of the system. The total energy is highly increasing by increasing the asymmetry parameter. Figure 27 shows the effect of the asymmetry parameter X on the total pressure of the system. For a nucleus with mass number A < 26 the total pressure decreases with increasing asymmetry parameter, while it increases at A > 26. For A = 26 the pressure is independent of the asymmetry parameter. The total pressure of systems with A ≤ 75 increases rapidly with mass number, while it increases slowly for system with A > 100. Figure 28 shows the effect of asymmetry parameter X on the incompressibility of the system. The incompressibility of the system decreases with increase of the asymmetry parameter X. We note that for systems with A ≤ 75 the incompressibility increases rapidly with mass number, while for A > 100 it increases slowly. 
Summary and conclusions
In the present work, we used a leptodermous expansion for the density profile and got a LDM analytical formula for the energy of an ASINM. We used these formulae to study the volume, surface, and curvature properties (energy, pressure, and incompressibility) of the system. We applied this study to a wide range of Skyrme parameterizations. The bulk volume, bulk surface, and bulk curvature properties for all Skyrme parameterizations under consideration showed the same behavior with density and asymmetry parameter X, with small differences at saturation density. We noticed that all Skyrme parameterizations have a minimum bulk volume pressure at ρ ≈ 0.65 ρ 0 . We also noticed that for densities ρ ≤ 0.65 ρ 0 the bulk surface pressure is zero and bulk volume incompressibility has the same value for all Skyrme parameterizations. The value of the symmetry volume energy slope (L vx ) at saturation reflects the behavior of the symmetry volume, symmetry surface, and symmetry curvature properties of the ASINM. A value of L vx = 59 ± 13 MeV [26, 27, 33] gives an accepted and consistent behavior of these properties with density. We also studied the effect of asymmetry parameter X on the volume, surface, and curvature properties.
The bulk surface energy E s0 is:
The surface symmetry energy E sx is: 
The bulk curvature energy is: 
The curvature symmetry energy is: 
The constants C, C1, C2, C3, B s (n), B d1 , G1(n), F1(n), H 1 , H 2 , Q 1 , Q 2 , P1, P2, B c (n), B c , and X(n) are related to the coefficients A n (m) and are given in reference [34] .
